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Abstract. In this paper, we give a characterization of the action of any 
abelian subgroup G of GL(n, C) on C". We prove that any orbit of G is 
regular with order m < 2n. Moreover, we give a method to determine 
this order. In the other hand, we specify the region of all orbits which are 
isomorphic. If G is finitely generated, this characterization is explicit. 



1. Introduction 

Let GL(n, C) be the group of all reversible square matrix over C with 
order n and let G be an abelian subgroup of GL(n, C). There is a natural 
linear action GL(n, C)xC": — > C n . (A, v) i — > Av. For a vector v € C™, 
denote by G(v) = {Av, A G G} C C n the orbit of G through v. A subset 
E C C n is called G-invariant if A(E) C E for any A € G; that is E is a 

o 

union of orbits. Denote by E (resp. E ) the closure (resp. interior) of E. 

An orbit 7 is called regular with order m if for every v 6 7 there exists 
an open set O containing v such that 7 n O is a manifold with dimension m 
over R. In particular, 7 is locally dense in C n if and only if m = 2n, and 7 
is discrete if and only if m = 0. Notice that, the closure of a regular orbit is 
not necessary a manifold (see example 8.4). We say that the action of G is 
regular on C n if every orbit of G is regular. Here, the question to investigate 
is the following: 

(1) The orbits of G are they regular? 

(2) If G has a regular orbit, how can we determine its order? 

The notion of regular orbit is a generalization of non exceptional orbit 
defined for the action of any group of homeomorphism on a topological 
space X. A nonempty compact subset Fclisa minimal set if for every 
y G y the orbit of y is dense in Y. In [10], Gottschalk discussed the question 
of what sets can be minimal sets. A minimal set which is a Cantor set is 
called an exceptional set. Their dynamics were recently initiated for some 
classes in different point of view, (see for instance, [3], [4], [5], [6], [7], [9]). 
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For a subset E C C n , denote by vect(E) the vector subspace of C n gen- 
erated by all elements of E. For every u G C n denote by; 

- E{u) = vect(G(u)) 

- r(u) = dim(E(u)) over C. 

- rank(G(u)) = dim(£'(u)). 

S.Chihi proved in [12] that for an abelian linear action, every orbit 7 is 
contained in a locally closed sub- manifold V{p/) such that 7 C V(7) C 7. 
Moreover, he shows that if 71 = 72 then 71 and 72 are isomorphic and 
rank(^fi) = rank^)- 

The purpose of this paper is to give a complete answer to the above 
question for any abelian subgroup of GL(n, C). In [I], the authors present a 
global dynamic of every abelian subgroup of GL(n, C) and in [2], they gave 
a characterization of existence of dense orbit for any abelian subgroup of 
GL(n,C). Our main result is viewed as continuation of work in pQ and [2]. 
We found similar result given in |12| as a consequence of Theorem 11.51 and 
we prove that every orbit is regular and we characterize its order m. If G is 
finitely generated, this characterization is explicit. 
Denote by: 

- C* = C\{0}, R* = M\{0} and N* = N\{0}. 

- e C*) = [e[ k \...,e { r k) ] T eC +1 where 

(fc) / G C n > if j + k , 

3 1 efe 1 if J = r 6Wery 1 - J ' k - r - 

- M n (C) the set of all square matrix of order n > 1 with coefficients in C. 

- M Pj(? (C) the set of all matrix having p lines and g colons with coefficients 
in C.' 

- T m (C) the set of matrices over C of the form 

H 0" 



Q"m,\ ■ ■ ■ Q"m,m—1 (A 



- T^(C) the group of matrices of the form (1) with fj, 7^ 0. 

r 

Let r G N* and rj = (n\, . . . , n r ) G (N*) r such that = n. Denote by: 

- K v , r (C) = T ni (C) e • • • e T nr (C) . 

- K* tr (C) =K r]jr (C)nGL(n,C). 

- Co = (ei, . . . , e n ) the canonical basis of C n . 

The author have proved in [2], that for every abelian subgroup of GL(n, C) 
there exists P G GL(n,C) such that P~ 1 GP is a subgroup of /C* (C) for 
some r G N* and 77 = (ni, . . . , n r ) G (N*) r (see Proposition I2.8p . We say 
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that G = P l GP is a normal form of G. We let 
-g = exp- 1 (G)n [P (K v<r (C)) P- 1 ] 
- gu = {Bu, Beg}, ue C n . 

One has exp{g) = G (see Lemma 12. 71) . 



For any closed additive subgroup F of C n , we say that dim(F) = s, 
if s is the bigger dimension of all vector spaces over M contained in F. 
Moreover, if F is considered as a manifold over M, then dim(F) = s. (See 
Proposition 12.4ft . 



Finally, consider the following rank condition on a collection of vectors 
ui, . . . , Up G M n , p > n. Suppose that (ui, . . . , u n ) is a basis of M n and there 

m 

exists < m < n such that = Yl a k jUn-m+j, for every n + 1 < k < p, 
a kJ G M*. 

• We say that u±,...,u p € M n satisfy property D(m) if and only if for 
every (t 1 ,...,t m ,s 1 ,...,s p . n ) €ZP- n+m -{0} : 



( 



rank 



1 

'•• 

... 

h ... 



a n+ i 



+1,1 



«p,i 



1 a n 



+l,m 
Si 



Sr> — 



p—n 



\ 



m + 1. 



and this is equivalent by Lemma 15.31 to say that Zu n _ m+ i + • • • + Zu p is 
dense in l« n _ m+ i © ■ ■ ■ © Mu n . 

• For every permutation cr G 5 p we say that , . . . , u a ( p -j G W 1 satisfy 
property T>(m) if m, . . . ,u p G W 1 satisfy property D(m). 

For a vector w G C n , we write = Re(t>) +ilm(v) where Re(u), lm(v) G 1™. 



Let : C n — > M? n be the isomorphism, defined by 

6(zi, ...,z n ) = (Re(zi), . . . ,Re(z n );Im(z 1 ), . . .,Im(z n )). 



• We say that v\, . . . , v p G C n satisfy property V(m), if 6{y\), . . . , 0(v p ) G IR 2ri 
satisfy property T>{m). 



Our principal results can be stated as follows: 
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Theorem 1.1. Let G be an abelian subgroup of GL(n,C). Then for every 
u £ C n , there exists a G -invariant dense open subset U u of E(u), containing 
u, such that: 

(i) For every v £ U u , we have E{v) = E(u). 

(ii) All orbit in U u are isomorphic. 

(iii) E(u)\U u is a union of at most r{u) G-invariant vector subspaces of 
E{u) with dimension r{u) — 1 over C. 

By the following Theorem, the order of any orbit is equal to dimension of 
a closed additive subgroup of C n , over R. 

Theorem 1.2. Let G be an abelian subgroup of GL(n, C) and u £ C n . The 
following are equivalent: 

(i) G(u) is regular with order m. 

(ii) For every v £ U u , G(v) is regular with order m. 

(iii) dim(]$u) = m over R. 

As a consequence from Theorem 11.21 we prove, by the following corollary, 
that the action of any abelian subgroup of GL(n, IK) on K n is regular (K = R 
or C). 

Corollary 1.3. Let G be an abelian subgroup of GL(n,C)(resp. GL(n,R)). 
Then every orbit of G is regular with order < m < 2n (resp. < m < n). 

Where GL(n,M) denotes the group of all reversible square matrix over R 
with order n. 

Corollary 1.4. Let G be an abelian subgroup o/GL(n,K) (K = R or C). 

(i) Lf~K = R then an orbit G{u) is regular with order m = n if and only 
if it is locally dense. 

(ii) If K = C then an orbit G{u) is regular with order m = 2n if and 
only if it is dense in C n . 

Theorem 1.5. Let G be an abelian subgroup ofGL(n, C) and u £ C n . Then 
the closure G(u) is a vector subspace of C n if and only if G{u) is regular 
with order 2r(u). 

For a finitely generated subgroup G C GL(n, C), such that its normal 
form G = P~ l GP is a subgroup of /C* r (C). We give an explicit condition 
to determine the order of any orbit. 

Theorem 1.6. IfG is an abelian subgroup of GL(n, C) generated by A\, . . . , A p 

and let Bi, . . . , B, p £ g such that A\ = e Bl , . . . , A p = e Bp . Then for every 
u £ C™\{0}. The following are equivalent: 

(i) G(u) is regular with order m. 

(ii) B\u,...,B p u, 2i7rP(e( 1 ) ),..., 2iTrP(e^) satisfy property V(m). 
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(iii) g u = jrz(B k u) + ]T2i7rZP(e( fc )) and dim(g^) = m. 

k=l k=l 

This paper is organized as follows: In Section 2, we give preliminary 
results. In Section 3, we prove the Theorem 11.11 A parametrization of 
an abelian subgroup of /C* r (C) is given in section 4. The proof of The- 
orems 11.21 11.51 and 11.61 and Corollaries 11.31 and 11.41 are done in Section 5. 
Section 6 is devoted to give some examples. 

2. Preliminary results 

We present some results for abelian subgroup of GL(n,C). 

Proposition 2.1. (jS], Proposition 7') Let A 6 M n (C). Then if no two 
eigenvalues of A have a difference of the form 2ikir , k £ Z\{0}, then 
exp : M n (C) — > GL(n,C) is a local diffeomorphism at A. 

Corollary 2.2. The restriction exp/^ r (c) : ^Cr/,r(C) — > tC* r (C) is a local 
diffeomorphism. 

Proof. The proof results from Proposition 12 . 1 1 and the fact that exp/jc r rQ = 
exp /Tni (c) © • • • © exp /Tnr (c) . □ 

Proposition 2.3. ([H], Theorem 2.1) Let H be a discrete additive subgroup 
of C n . Then there exist a basis (u±, . . . , u n ) of C n and 1 < r < n such that 

k=l 

Proposition 2.4. ([H], Theorem 3.1) Let F be a closed additive subgroup 
ofC n . Then there exist a vector subspace V of C n , over R contained in F 
and a vector subspace W of C n , over M, such that: 

(i) w®v = c n . 

(ii) F n W is a discrete subgroup of C n and F = (F Pi W) © V. 

For any closed additive subgroup F of C ra , we have dim(i ? ) = dim(y). 

Corollary 2.5. ( Under above notations) For every y € FDW, there exist an 
open subset O y o/C n such that O y PiF = {y} + V ■ In particular OoDF = V . 

Proof. We have F = (F n W) © V, where F n W is a discrete subgroup of 
W. By Proposition 12.31 there exists a basis (tti, . . . , u p ) of W and 1 < s < p 
such that FnW = 7Lu\ © • • • © Zu s . Let y = m\Ui + . . . + m s u s G F n W, 
take 

Up © V. 



On 



1 1 

mi — -, mi + - iii © 



1 1 

2' 2 
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It follows that Oy is an open subset of C n such that O y C\F = V+ {y}. The 
proof is complete. □ 

Proposition 2.6. For every u G C n , there exist two vector subspaces V 
and W of C n over K, such that V is contained in and W © V = C n , 
satisfying: 

(gU n W) © V, mt/i is discrete. 

ii) For every A € E, we have = (g\^n W) © V, with (1W is 
discrete subgroup ofW. 

The proof uses the following lemma. 

Lemma 2.7. ([2], Lemmas 4-1 and 4-^) 

is an abelian subgroup of GL(ti, (C) then for every u G (C n ; g u 
is an additive subgroup of C n . 
(ii) exp(g) = G. 

Proof of Proposition \2.6[ The proof of (i) results from Lemma 12.71 (i) and 
Proposition 12.41 

The proof of (ii) follows from the fact that g\ u = Ag u , XW = W and A^ = V, 
for every A G R. □ 

Let the fundamental result proved in [2]: 

Proposition 2.8. ([2], Proposition 2.3) Let G be an abelian subgroup of 
GL(n,C). Then there exists P G GL(n,C) such that P~ l GP is an abelian 
subgroup of K* r (C), for some r G {1, . . . , n} and rj G (N*) r . 



3. Proof of Theorem 11.11 

Throughout this section, suppose that G is an abelian subgroup of fc* r (C) 
fore some r € N* and 77 = (m, . . . , n r ) G (N*) r . 

Every A G G has the form A = diag(Ai, . .. ,A r ) with A k G T nfc (C) k = 

1, . . . , r. Denote by: 

-G fc = {A fc , AgG}, fc = l,...,r. 

- E{v,k) = vect(Gfc(ufc)), for every it = [m, . . . ,u r ] T G C n . 

- (/ = vect(G), the vector subspace of fC Vir (C) generated by all elements of 
G. 

- u = nc* x c* -1 . 

fe=l 

Lemma 3.1. Lei G be an abelian subgroup of JC* r (C). Then for every 
u G C ra , F(n) is G -invariant. 
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Proof. Suppose that E{v) is generated by A±u, . . . , A p u, with A k G G, 1 < 

p p 
k < p. Let w = Yl a kAkU G E(u) and B G G, then Bw = Y ctkBA k u. 

k=l k=l 

p 

Since BA k u G G(u) C -E'('u) then it has the form BA k u = Y Pk,jAju, 

Pk,j G C, so = ^ akPkjAjU G S(u). □ 
i<fcj<p 



Lemma 3.2. ([E], Proposition 3.1) LetG be an abelian subgroup ofGL(n, { 
u G C n and v G £ , (u). 

(i) T/ien i/zere exist B £ Q such that Bu = v. 

(ii) If E{u) = E(v), then G(u) and G(v) are isomorphic. 



Proposition 3.3. Let G be an abelian subgroup o//C* r (C) and u G U such 
that E(u) = C n . Then for every v G U there exists B G Q D GL(n, C) suc/i 
that Bu = v. In particular, E(v) = C n . 



Lemma 3.4. Let G be an abelian subgroup o/T*(C) and u G C* x C n . 
Then for every v G C* xC n_1 i/zere exisi -B G QnGL(n, C) suc/t i/iaf Bu = v. 



Proof. Let v G C* x C n_1 since £?(«) = C n , by lemma O there exist B G £ 
such that = v. Since T n (C) is a vector space so Q C T n (C). Write 



[xi, 



[yi- ■ 



MB 
Q2A 



and 



then 



- On,l • • • «n,n-l M-B J 
^ / 0, hence S G GL(n,C)- As C C(G), 



□ 



Proof of Proposition \3.SH Write u = [ui,..., u r ] T and let v = [vi, . . . , v r ] T G 
U, with u fc ,v fe G C nfc . Since = C n , then E(u k ) = C nk for every 

k = l,...,r. AsG = Qx@- ■ -®g r <mdv k G C*xC nfc - 1 , where Q k = Vect(G k ). 
Hence the proof results from Lemma 13.41 In particular, E(v) = B(E(u)) = 
C n . □ 
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3.1. Proof of Theorem 11.11 Let u G C". By Proposition 12.81 we can 
assume that G C 1C* (C) and E(u) = C n , otherwise, by Lemma [3.11 we 
replace G by the restriction G/e( u )- By construction, C n \U is union of r 
G- invariant vector subspaces of C n with dimension n — 1, then we proves 
(iii) and we deduce that u G U. Now, for every v G U, there exists by 
Proposition 13.31 B G Q D GL(n, C) such that 5u = u. Hence i2(i>) = 
B{E{u)) = C n and G?(«) = B(G(u)), this proves (i) and (ii). □ 

4. Parametrization 

Let G be an abelian subgroup of /C* (C) and m G C, by Lemma f3.1| 
E(u) is G-invariant, so consider the linear map 

$ u : vect — ► 
Proposition 4.1. For every u G C n \{0} ; <£ u is a linear isomorphism. 

Proof. By construction, is surjective, since $v (Vect = E(u). 

- <3? u is injective: let A G Ker($ n ), so vlu = 0. Let x G E(u), then by 
above there exists £> G Vect (G/e(u)) such that a; = -Bu. As A G Ker($ u ) C 
vect {G /E{u) ) then AB = BA. Therefore Ax = ABu = BAu = B(0) = 0. 
It follows that A = and hence Ker($ tt ) = {0}. □ 

Corollary 4.2. We have $- l (G(u)) = G /E(u) and fc^CSu) = g/E(u)- 
Under the above notation, we have: 

Proposition 4.3. Let G be an abelian subgroup of K* r (C). Then 

exp(<Z>-\E(u))) C 3>-\U u ). 

To prove Proposition 14.31 we need the following Lemma: 
Lemma 4.4. Let G be an abelian subgroup o/T*(C). If E(u) = C n , then 
ea;p($- 1 (C n )) C ^(C* x C^ 1 ). 

Proof. Here G/ E ( u ) = G and U u = U = C* x C n_1 . First, one has exp(Q) C 
Q: indeed; for every A G Q we have A k G G, for every k G N and so 
e^ 1 = ^ 4]- G Moreover, we can check that is the subalgebra of M n (C) 

fcGN 

generated by G. 



REGULARITY ACTION OF ABELIAN LINEAR GROUPS ON C n 9 

Second, by corollary 14.21 < ^m 1 (C(m)) = G. Since E(u) = C n and by Propo- 
sition 14.11 $ u is an isomorphism, then 

exp^-\C n )) = exp^- l {E{u))) 

= exp(Q) 

c g = s-^c") 

Therefore 

exp^-\C n )) C $- x (C") (1) 

On the other hand, by constraction of <3? M and U, we have u € U and so 
*- x (C n ) n T;(C) = *- x (C* x C™- 1 ). As exp(<S>- l {C n )) C T*(C) then by 
(1) we obtain 

exp ($- x (C")) C cD-^C") n T* (C) = $- x (C* x C"- 1 ). 

□ 

Proof of Proposition \4-3\ Write u = [ui, . . . , u r ] T 6 C n . Suppose that E(u) = 
C n , otherwise we replace G by G/ E ^ u y So G/ E (^ = G and £7 U = U. Since 

«BP/JC,, P (C) = exp/T B1 (C)© - • •ffiexp/T nr (Q and = - Then 

by Lemma 14.41 

r r 

exp(^HU)) = n«»*/WC) (*S (C"*)) C JJft-HCxC"*" 1 ) = $- X (C/). 
fc=i fe=i 

□ 

As consequence of Proposition 14.31 we have the following results: 

Corollary 4.5. The map / = $ a o exp/^c") ° : E(u) — > U u is well 
defined and continuous. 

5. Proof of Theorems rOJ, [TT6] and Corollaries Q and LOl 

By Proposition 12.81 suppose that G is an abelian subgroup of /C* (C) and 
then g = exp- l {G) n £^ r (C). 

In all this section fixed u £ C n and suppose that E(u) = C™ and G /e(u) = 
G, leaving to replace G by Gj E ^ u y Denote by $ = : C n — ► £/. By 
Corollary 12.21 exp : K Vtr (C) — > )C*(C) is a local difeomorphism and by 
Proposition 14. 11 <1> is an open map. Then we introduce the following Lemma 
which will be used in the proof of Theorem 11.21 

Lemma 5.1. Let O' be an open subset ofC n such that exp/^^o 1 ) '■ §{Q') — ► 
exp($>(0')) is a diffeomorphism. Then 

exp ($(0')) n exp{g) = exp ($(0') n g) . 
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Proof. Let A G exp(&(0')) n exp(g), then ^4 = for some x G O'. 

By Lemma [2.71 (h). exp(g) = G, so i S G. Since ^4 G exp(g), there ex- 
ists a sequence (B m ) me ?q in g such that lim e Bm = A = e*^. Since 

exp/^rQ') '■ $(0') — ^ exp($(0')) is a diffeomorphism, exp(3>(0')) is an 
open set containing e" 4 , so e Bm G exp(3>(0')), Vm > p, for some p G N. 
Then = expJ^ ,^(e Bm ) G $(0')> Vm > P- Since e Bm G exp(g) = G 
and $(O r ) C /C^, r (C), then B' m G exp -1 (G0 n ^ jr (C) = g, for every 
m > p. Therefore lim B' m = 3>(x), so <J>(x) G <J>(0') fl g and hence 

m— >+oo 

A G exp($(0')) n g. 

Conversely, by continuity of expj^Qi^ : <J>(0') — > exp($(0')), one has 



exp ($(0')) n § c ex P (^(O')) n exp (g) C exp ($(0')) n exp(g). 
The prove is completed. □ 



5.1. Proof of Theorem 11.51 The equivalence (i) (ii) follows from 

Theorem 11.11 (i) . 

(i) (in): By Lemma [3?T| suppose that E(u) = C n and U u = U (leaving 
to replace G by G/e( u ))- Then by Proposition 14.11 and Corollary 14. 2\ <3? = 
<&~ l : C n — > Q is an isomorphism satisfying Q(G(u)) = G and 3>(g u ) = g- 

By Proposition 12.61 (i). there exist a vector space V, contained in g^J, a 
vector space W such that V W = C n and g^ = (g^ n W) V, with g^n 
is discrete. 

By corollary 12.51 and Proposition 12. 6j, there exists an open subset O of 
C n such that O n gU = V. By Corollary 12.21 the exponential map exp : 
/C^ r (C) — /C* (C) is a locally diffeomorphism, then there exists an open 
subset O' C O, of C n such that the restriction exp/^iQ') '■ &(0') — > 
exp (<3?(0')) of the exponential map on <3?(0') is a diffeomorphism. Since 
O'cO, then 

Cng^Cnv. (1) 

Since O' C C/ u then by Corollary 14. 5 1 the map f 'iqi = <1 > ~ 1 °exp/$(£') 0< £ ■ 
O' — > O' is well defined and as exp/^/Qi) is a diffeomorphism then f iqi is 
a diffeomorphism. By Lemma 12.71 one has exp(g) = G and then: 



/(C) n G(uj = o exp($(0')) n Gju) 

= (exp($(0')) n $(G(u))) 
= S" 1 (exp($(0')) nG) 
= (exp (<J>(0')) n exp(g)) 
By Lemma 15. II and by (1), we obtain 
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$ 1 o exp ($(o') rig) 
o exp ($(o') n $ (&:)) 

o exp o $ (C n g^") 

o ezp o $ (o' n y) 
/(o'nF). 

As /(O') is an open subset of C n and O' fl V is an open subset of the 
real vector space V, then f(0') fl is a manifold with dimension m = 
dim(V) = dim(g^). We conclude that G(u) is regular with order m. Since 
C n is a real vector space with dimension 2n and 1/ is a real subspace of C n 
with dimension m, so m < 2n. We conclude the equivalence (i) (m). 
□ 

5.2. Proof of Corollary [HSl 

o Complex Case: Suppose that K = C. Let G be an abelian subgroup of 
GL(n, C) and u € C n . By Theorem 11.51 the orbit G(u) is regular with order 
m if and only if dim(g^) = m. Since is a closed additive subgroup of C n 
(Lemma |2.71 (i)). Then dim(g^) > 0, so G(u) is regular with order m > 0. 
This proves the complex case. 

o Real Case: Suppose that IK = R. Let G be an abelian subgroup of GL(n, R) 
and x S R n . So G is considered as an abelian subgroup of GL(n, C). By the 
above case, G(x) is regular with some order m, with m < 2n. Then there 
exists an open subset O = 0\ + 1O2 of C n with 0\,02 are open subsets of 
R n , such that G(x) n O is a manifold with dimension m. One has € O2, 
since G(x) C R n . Then G(x) nO = G(x) n Oi and m < n. It follows that 
G(x) is a regular orbit in R n with order m. The proof is completed. □ 

5.3. Proof of Corollary [131 

Lemma 5.2. ([1] Corollary 1.3). If G has a locally dense orbit 7 in C n 
then 7 is dense in C n . 

Proof of Corollary \l-4\ 

(i) If G{u) = R" then G{u) is a manifold with dimension n, so G(u) is 
regular with order m = n. 

Conversely, if G(u) is regular with order m = n, then G(u) fl O is a man- 
ifold with order m = n, for some open subset O of R n . Hence G(u) n O is 
an open subset of R n . Therefore G(u) is locally dense. 

(ii) We use the same proof of (i) and by Lemma [5.2l we have G(u) = C". □ 



f(0')nG(u) = 



12 



ADLENE AYADI AND EZZEDDINE SALHI 



5.4. Proof of theorem ll.6l If G(u) is a vector subspace then G(u) = E(u), 
so G{u) is regular with order 2r(u). 

Conversely, if G(u) is regular with order 2r(u), then G(u) D is a manifold 
with dimension 2r(u), for some open set O. Since dim(E(u)) = 2r(u) over 
R, then n O is an open subset of E{u). So G(u) is locally dense in 
.E(u). By lemma I5T21 applied on G/e{ u ) we have G(u) = E(u). □ 



5.5. Algebric Lemmas. 

Lemma 5.3. ([H], Proposition 4-3)- Let H = 7Lu\ + + 7Lu v with = 

[u},i, . . . G R n , fe = 1, Then H is dense in W 1 if and only if for 

every (s%, s p ) G Z p — {0} : 



rank 



Ul,n 



Up,l 



11, 



"P,n 



\ 



n + 1. 



Corollary 5.4. Let p > n + 1 and H = Zu\-\ \-Zu p , u k £ W n , 1 < k < p, 

such that (ui, . . . ,u n ) is a basis ofW 1 . If there exists < m < n such that 

m 

Uk = Yl a k j u j+n-m, for every n + 1 < k < p. Then the following assertions 
j= i 

are equivalent: 

(i) dim(H) = m. 

(ii) ui, . . . , Up satisfies property T>(m). 



Proof. Let E = Mn n _ m+ ie- • •®I« n . We replace W 1 by E in Lemma IQl and 
we obtain: u\, . . . , u p satisfies property V(m) if and only if K = Zu n - m+ i + 

+ 7Lup is dense in E and this is equivalent to dim(H) = m since H = 

Zui H 1- Zn n _ m + K. □ 



5.6. Proof of Theorem 11.61 Denote by': 

- = [ei,i,. • • ,e rj i] T and e kjl = [1,0, ... ,0} T G C nk , k = 1,. . . ,r. 

- vq = Puq, where P G GL(n, C) is defined in Proposition 14.11 so that 
P^GP c £* r (C). 

Proposition 5.5. ([2], Theorem 1.3) LetG be an abelian subgroup ofGL(n,C) 
generated by A\, . . . ,A p . Let B%, . . . ,B P G g such that A k = e Bk , k = 

l,...,p. Then g vo = Y.ZB k v + jz2mZPe^ . 

k=l fc=l 
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By construction of K,*(C), remark that for every u G U there exists 
Q G K* (C) such that Quo = u. Then as a consequence of Proposition 15,51 
we get the following Corollary: 

Corollary 5.6. Let G be an abelian subgroup o//C* (C) generated by A±, . . . ,A p . 
Let B\, . . . , Bp G g such that A k = e Bk , k = 1, . . . , p. Then for every u G U , 

p r 

g u = Y^ZB k u + ^22iTrZQe( k \ where Q G /C* r (C) such that Quo = u. 
k=i k=i 

Proof of Theorem \1.6l The proof of Theorem 11.61 results from Theorem 11.21 
Corollary 15.41 and Corollary 15.61 □ 



6. Examples 

Let D n (C) = {A = diag(ai, . . . , a n ) : G C*, 1 < k < n } and let G be 
an abelian subgroup of D n (C). In this case we have G = G is a subgroup 
of /C(i t ... t i) jn (C) and re = re- 
Example 6.1. Let G be the group generated by A^ = diag(Afc i ie* afc > 1 , . . . , Afc in e 40fc - n ), 
k = 1, . . . ,p, where Xkj G M+, a^j G K, 1 < j < n. Let u = [x\, . . . , x n ] T G 
C n , then the following assertions are equivalent: 

(i) G(u) is regular with order m. 

(ii) u fc = [(log\ kil + ia kt i)xi, . . . , (log\ kjn + za fci „)x„] T , 1 < k < p with 
2i7rei, . . . , 2iire n , satisfies T>(m). 

Proof. We let B fe = diag(fo3A M + ia k ,i, log\ kjTl + ia k;n ), 

One has e Bfc = A k and ,B fc G D„(C), 1 < k < p. Then B k G g. The result 
follows then from Theorem 11.61 □ 



Example 6.2. ([I], Example 6.2) Let G be the subgroup of GL(4,R) gen- 
erated by 

"10 
, 10 
10 
10 1 

Then: 

i) if u G (Q*) 2 x R 2 , is discrete. So G(it) is regular with order 0. 

ii) if u G Q* x (R\Q) x R 2 , G(u) is dense in a straight line. So G(n) is 
regular with order 1. 



and B 



10 
10 
10 
10 1 
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In this example, G is considered as a subgroup of GL(4, C). We have 
G = G is a subgroup of T|(C) and G(e\) = { [1, 0, 0, n + m] T , n,m E Z}, 
then E(ei) = Cei + Ce 4 and f/ ei = C*ei + Ce 4 . So S(ei) ^ C n . 
Let Si = - h and S 2 = A 2 - h. Since B\ = B\ = 0, so e Bl = and 
e B2 = A 2 . By Theorem [fg g u = ZBiu + ZB 2 u + 2m7Le X - 
For every u = [x,y,z,t] T G M* x R 3 , we have g u = (Zx + Zy)e 4 + 2z7rZei, 
then: 

-if f ^ Q, then g^ = Me 4 + Zei, so dim(g^) = 1. By Theorem ESI G(u) is 
regular with order 1. 

-if f € Q, then = Zae 4 + Zei, for some a £ 1, so dim(g^) = 0. By 
Theorem 11.61 G(u) is regular with order 0. □ 

A simple example for n = 1 and K = M is given in the following, to show 
that the closure of a regular orbit is not necessarily a manifold. 

Example 6.3. Let A > 1 and G be the group generated by Aidu, then for 
every i 6 R*, we have G(x) = {A n , n G Z} and G(a ) = {A n , n G Z} U {0}. 
Thus G(x) is discrete, so it is regular with order 0, but G{x) is not a manifold. 

References 

1. Ayadi.A and Marzougui.H, Dynamic of abehan subgroups of GL(n, C): a structure 
Theorem, Geometria Dedicata, 116(2005)111-127. 

2. Ayadi.A and Marzougui.H, Dense orbits for abelian subgroups of GL(n, C), Foliations 
2005: 47-69. World Scientific,Hackensack,NJ, 2006. 

3. H.Poincare, Memoire sur les courbes definies par une eguation differentiable,Prmceton 
Univ. Press, 1970. 

4. A.Denjoy, Sur les courbes dfinies par les quations diffrentiables a la surface de tore, 
J.Math.Pures appl.ll(1932)333-375. 

5. Y.Katznelson, Sigma-finite invariant measures for smooth mapping of circle J. Analyse 
Math.31(1977)l-18. 

6. P. Schweitzer, Counterexaple to seifert conjecture and opening closed leaves of foliations 
Ann.of Math.(2)100(1974)386-400. 

7. V.L.Ginzburg, On the existence and non-existence of closed trajectories for some Hamil- 
tonian flows, Math. Zeit. 223(1996)397-409. 

8. W. Rossmann, Lie groups: an introduction through linear groups, Oxford, University 
Press, 2002. 

9. G.Kuperberg and K.Kuperberg, Generalized counterexample to Seifert conjecture, 
Ann.of Math.l44(1996)239-268. 

10. W. H. Gottschalk, Minimal Sets: An Introduction to Topological Dynamics, Bull. 
Amer. Math. Soc. 64 (1958) 336-351. 

11. Waldschmidt.M, Topologie des points rationnels., Cours de troisieme Cycle, Universite 
P. et M. Curie (Paris VI), 1994/95. 

12. S.Chihi, On the minimal orbits of an abelian linear action , Differential Geometry- 
Dynamical System, vol.12, (2010) ,61-72. 

Adlene Ayadi 1 , Department of Mathematics, Faculty of Sciences of Gafsa, 
Tunisia; Ezzeddine Salhi 3 , Department of Mathematics, Faculty of Sciences of 
Sfax B.P. 802, 3018 Sfax, Tunisia 

E-mail address: adleneso@yahoo.fr; Ezzeddine . SalhiOfss . rnu. tn. 



